The mass parameters of compact objects such as Boson Stars, Schwarzschild, Reissner Nordstrom and Kerr black holes are computed in terms of the measurable redshift-blueshift (z red , z blue ) of photons emitted by particles moving along circular geodesics around these objects and the radius of their orbits. We found bounds for the values of (z red , z blue ) that may be observed. For the case of Kerr black hole, recent observational estimates of SrgA * mass and rotation parameter are employed to determine the corresponding values of these red-blue shifts.
I. INTRODUCTION
The increasing amount of evidence that many galaxies contain a supermassive black hole at their center [1] , motivated Herrera and Nucamendi (hereafter referred as H-N) to develop a theoretical approach to obtain the mass and rotation parameter of a Kerr black hole in terms of the redshift z red and blueshift z blue of photons emitted by massive particles traveling around them along geodesics and the radius of their orbits [2] . They found an explicit expression of the rotation parameter as a function of z red , z blue , the radius of circular orbits and the mass M , whereas M might be found by solving an eight order polynomial which can only be done numerically. These circular orbits should of course, be bounded and stable. If a set of observational data {z red , z blue , r}, that is, a set of red and blue shifts emitted by particles orbiting a Kerr black hole at different radii were given, what would be desirable to know is the mass and rotation parameter in terms of that data set. In this paper, we provide the details of how this can be accomplished. Particularly, the mass of the black hole for SgrA * and its corresponding angular momentum that have been recently estimated [3] : M ∼ 2.72 × 10 6 M ⊙ and a ∼ 0.9939M , are employed in our analysis. In addition, the mass parameter of axialsymmetric non-rotating compact objects such as Schwarzschild and Reissner-Nordstrom black holes as well as Boson-Stars is found in terms of the red-blue shift of light and the orbit radius of emitting particles. In order to have a self contained paper, we provide a brief summary of H-N theoretical scheme in the section II. In sections III and IV we deal with the non-rotating examples above mentioned and the rotating Kerr black hole respectively.
II. THEORETICAL APPROACH
H-N considered a rotating axialsymmetric space-time in spherical coordinates (x µ ) = (t, r, θ, φ). The geodesic trayectory followed by a massive particle in this spacetime can be obtained by solving the Euler-Lagrange equations
with the Lagrangian L given by
dτ and τ the proper time. It is assumed that the metric depeds solely on r and θ; thus, the space time is endowed with two commuting Killing vectors [ξ, ψ] = 0 which read: ξ = (1, 0, 0, 0), ψ = (0, 0, 0, 1). Since g µν = g µν (r, θ), there are two quantities that are conserved along the geodesics
where
is the 4-velocity which is normalized to unity rendering
Two of these 4-velocity components can be found by inverting (3)
Inserting (5) in (4) one obtains
where V ef f is an effective potential given by
The goal is to write the parameters of an axialsymmetric space-time in terms of the observational red and blue shifts z red and z blue of light emitted by massive particles moving around a compact object. These photons have 4-momentum k µ = (k t , k r , k θ , k φ ) that move along null geodesics k µ k µ = 0. Using the same Lagrangian (2) one gets two conserved quantities
The frequency shift z associated to the emission and detection of photons is defined as
where ω e is the frequency emitted by an observer moving with the massive particle at the emission point e and ω d the frequecy detected by an observer far away from the source of emission. These frequencies are given by 
The frequency ω e = −k µ U µ | e is explicitly given by
with a similar expression for ω d . As a result (9) becomes
This is an expression for the red and/or blue shifts of light emitted by massive particles that are orbiting around a compact object measured by a distant observer. The apparent impact parameter b ≡
Lγ
Eγ of photons, that is to say, the minimum distance to the origin r = 0 was introduced for convenience. Due to the fact that E γ and L γ are preserved along null geodesics all the way from emission to detection one has that b e = b d . On the other hand, a set of massive particles (that could be a set of stars) that may be orbiting around a compact object (that could be a black hole) is expanding as a whole and it has a redshift z c . Yet all those particles are individually moving having therefore, an individual redshift.
Astronomers define a kinematic redshift as z kin = z − z c , and some report their data in terms of z kin . z c corresponds to a frequecy shift of a photon emitted by a static particle located at b = 0 thus
The kinematic redshift z kin = (1 + z) − (1 + z c ) can be written as
(13) The analysis can be performed with either z kin using (13) or z using (11) . We work with z kin in this paper. The general expression (13) is simplified for circular orbits (U r = 0) in the equatorial plane (U θ = 0)
In (14) what is still needed is to take into account light bending due to gravitational field, that is to say, to find b = b(r). The criteria employed in [2] to construct this mapping is to choose the maximum value of z at a fixed distance from the observed center of the source at a fixed b. Inverting (8) to obtain k µ = k µ (g αβ , E, L) and inserting this expression into k µ k µ = 0 with k r = 0 and k θ = 0 one arrives at
b ± can be evaluated at the emissor or detector position. Since in general there are two different values of b ± , there will be two different values of z of photons emitted by a receding (z 1 ) or an approaching object (z 2 ) with respect to a distant observer. These kinematic shifts of photons emitted either side of the central value b = 0 read
In the next section we shall apply this formalism to non-rotating compact objects.
III. NON-ROTATING SPACE-TIMES
In order to apply H-N approach, it is necessary to have a Killing tensor K µν of the space-time to be analyzed, this implies the existance of an additional constant of mo-
C is not needed in the case of nonrotating space-times, that is to say, for g tφ = 0 or when particles are orbiting just on the equatorial plane. In the present section, we study the relationship between the observed redshift (blueshift) of photons emitted by particles traveling along circular and equatorial paths around non-rotating compact objects and the mass parameter of these objects. Since g tφ vanishes, the apparent impact parameter becomes b ± = ± −g φφ /g tt and the effective potential (7) acquires a rather simple form
For circular orbits V ef f and its derivative
vanish. From these two conditions one finds two general expressions for the constants of motion E 2 and L 2 for any nonrotating axialsymmetric space-time
where primes denote derivative with respect to r. In order to guarantee stability of these circular orbits,
where (19) and (20) were employed in the last step. Using the explicit form of E and L, (19) and (20), in (5) one obtains expression for the 4-velocities in terms of solely the metric components
from which the angular velocity of particles in these circular paths becomes
Since b + = −b − , the redshift z 1 = z red and blueshift z 2 = z blue are equal but with opposite sign: z 1 = −z 2 , the explicit expression is
Furthermore, if the detector is located far away from the compact object r d → ∞, and as we mentioned before, U µ d → (1, 0, 0, 0). Thus (24) becomes
A. Schwarzschild Black Hole
As our first working example of a non-rotating spacetime, we consider the Schwarzschild black hole, for which the relevant metric components are g tt = −(1 − 2M r ) and g φφ = r 2 sin 2 θ. Inserting these components in (25) with θ = π/2 one finds
which is a relationship between the measured red-shift z, the mass parameter of a Schwarzschild black hole M and the radius r c of a massive particle's circular orbit that emitts light and of course, r c > 3M . The relationship (26) is equivalent to
(27) On the other hand, circular orbits are stable as long as that
which is positive provided that r c > 6M ; therefore, rc M = F −1 > 6 which is fulfilled if and only if |z| < 1/ √ 2 and solely for the minus sign F − (z). Hence, a measurement of the redshift z of light emitted by a particle that follows a circular orbit of radius r c in the equatorial plane around a Schwarzschild black hole will have a mass parameter determined by M = r c F − (z), and z must be |z| < 1/ √ 2. The energy, angular momentum, velocities U t , U φ and the angular velocity of the emitter, can be computed from (19), (20), (22) and (23) and written as function of the measurable redshift z and radius r c of the circular photons source's orbit by using (27)
The function M = M (r, z) = rF − (z) is in geometrized units (G=c=1). In order to plot it, we scale M and r by any multiple of the solar mass, this is to say, by pM ⊙ , for Srg * p = 2.72 × 10 6 . Figure 1 shows this scaled relation M = M (r, z) which is symmetric with respect to the shift z (z red > 0, z blue < 0). Given a set of N pairs {r, z} i of observed redshifts z (blueshifts) of emitters traveling around a Schwarzschild black hole along circular orbits of radii r, a Bayesian statistical analysis might be carried out in order to estimate the black hole mass parameter.
B. The Reissner-Nordström Black Hole
Our next non-rotating working example is the Reissner-Nordström space-time which represents a electrically charged black hole, whose relevant metric components are
where Q is the electric charge parameter and g φφ = r 2 sin 2 θ. For circular equatorial orbits of the photon source, the redshift reads
This relationship is equivalent to
In this case, the conserved quantities E 2 and L 2 are As it is known, in this metric, one distinguishes three regions: 0 < r < r − , r − < r < r + and r + < r, where r ± = M ± M 2 − Q 2 are the roots of r 2 − 2M r + Q 2 = 0, which are real and distinct only if M 2 > Q 2 stands. The surface r = r + is an event horizon similar to that r = 2M for the Schwarzschild's metric [10] . Since r > r + implies r 2 − 2M r + Q 2 > 0, our analysis is performed for r > r + , that is, outside the event horizon.
The stability of circular equatorial orbits requirement
tells us that M r c (9Q
Inserting M = r c G ± into this last condition would yield, in principle, an inequality that may bound the values of the redshift z, as it was the case for Schwarzschild. This inequality turns out to be cumbersome to be analysed analytically; hence, the analysis was performed numerically in the following manner: given values of Q 2 and r c , we vary z 2 and compute M = r c G ± (z 2 , Q 2 , r c ) for each value of z 2 . With this value M at hand, we check whether the four conditions are all satisfied:
The second and third inequalities guarantee that, one indeed, has circular and equatorial orbits, the fourth stems from V ′′ ef f > 0. We look for the minimum and maximum value of z for which these four condictions are fulfilled. This process is repeated for several values of Q 2 and r c . For Q = 0, the result for Schwarzschild (|z| < 1/ √ 2) is recovered. Figure 2 shows the surfaces z min = z min (r c , Q
2 ) and z max = z max (r c , Q
2 ). Only for frequency shifts z such that |z| ∈ (z min , z max ), the corresponding values The velocities U φ and U t of photons emitters orbiting in circular and equatorial paths are
and their angular velocity is given by
Since M = r c G − (z 2 , r c , Q 2 ), these 4-velocity components and Ω are actually functions of the redshift z, the radius of the circular orbit r c and the parameter Q 2 . Unlike the Schwarzshild black hole, there is not an analytic relationship of the mass parameter M in terms only of the measurable variables z and r, it depends also on Q 2 . At any rate, given a set of the observables {z, r} i , Bayesian statistical analysis would provide an estimate for both parameters M and Q.
C. Boson Stars
Colpi et al performed a study of self-interacting Boson stars which were modeled by a complex scalar field endowed with a quartic potential V = m 2 2 |φ| 2 + λ 4 |φ| 4 . The stability analysis yielded equilibrium configurations along either an stable and unstable branch [5, 6] . We will be concerned with stable equilibrium configurations of Boson stars for which the metric reads
The components g rr = a 2 (r) and g tt = −α 2 (r) are found by solving
where, for numerical purposes, we have introduced the following dimensionless variables: x = mr,φ = √ 4πGφ, Λ = λ/4πGm 2 and Ω = ω/m, where m is the mass of complex scalar field φ, ω its frequency and λ the dimensionless self-coupling of the scalar. Here ′ represents the derivative with respect to x.
For the complex scalar field, we consider a harmonic form Φ(t, r) = φ(r)e −iωt and solve the Klein-Gordon equation, that in terms of the dimensionless variables, takes the form
The boundary conditions for the metric functions and the scalar field, in order to guarantee regularity at the origin and asymptotic flatness at infinity, are: a(0) = 1,
and lim x→∞ φ(x) ≈ 0. The system is basically an eigenvalue problem for the frequency of the boson star ω as a function of a parameter, the so called, central value of the scalar field φ 0 which determines the mass M of a boson star. This system can be solved by using the shooting method [9] . 
here x c = mr c . Choosing E 2 and L 2 as in (43) guarantees circular orbits. Generally both, α and α ′ are nonnegative; therefore, given a numerical solution, we only need to determine the domain D of the radial variable x where α − xα ′ > 0 and work exclusively in that domain. We then compute the values L 2 and E 2 with (43) and perform a survey in D checking where the condition for stable circular orbits V ′′ ef f > 0 holds. Thereby one finds a set of parameters {(E, L, x c )} which give us circular orbits, x c ǫD.
According to the equation (25), the redshift of photons emitted by particles orbiting a boson star is calculated by
Figures 4 show the z behavior in function of x for several boson stars with different masses and for two values of Λ, 0 and 100. The solid black curve represents the boson star correspoding to the critical mass M crit . For M < M crit , or equivalently, φ 0 < φ crit the boson star is stable, otherwise is unstable. M crit = 0.633 and M crit = 2.254 for Λ = 0 and Λ = 100 respectively. In figure 4 for Λ = 0, it is observed that the maximum value of the redshift increases as the central value φ 0 of the scalar field increases. But for large values of x, all the curves z(x) seem to get closer to the value of z crit (x) at large x for a boson star with the critical mass M crit . One also can observe that the curves z(x) corresponding to smaller masses than the critical, remain below the solid black curve z crit (x). The table below, shows the values of the masses corresponding to stable and unstable boson stars for both Λ = 0 and Λ = 100. One can also note that for configurations with the same value of mass, but different self-interacting parameter, the maximun redshift increases as Λ decreases. For large values of x, the redshift for all configurations converge to the same values (see fig. 5 ). 
IV. KERR BLACK HOLE
Explicit expressions for the shifts z 1 and z 2 computed at either side of b = 0 were found by H-N whose plots are shown in figure 9 for the corotating case. As r/M → 2, z 1 → ∞. Negative values of z 1 are found for r c < 2, that might be due to the very strong dragging of the black hole over the emitter. As r/M increases, z red → −z blue as is the case for the Schwarzschild black hole, whose plot is also shown (dashed curves) and starts at r = 6 as it should be. We show z1 (blueshift) and z2 (redshift) as a function of r/M (solid blue and red curve respectively), being M the rotating black hole mass at the center of our galaxy. As r/m increases z red → −z blue as is the case for the Schwarzschild black hole (dashed curves).
V. FINAL REMARKS
In this paper we have applied the theoretical approch developed by H-N to determine the mass parameter of compact objects in terms of the frequency shifts z of light emitted by particles traveling along circular geodesics of radii r c around those objects. For the Schwarschild and Reissner Nordström black holes, we found an explicit formula M = M (z, r c ) and M = M (z, r c , Q
2 ) respectively, and bounds for z. Not all values of z would be detected from a far away observer. For Boson Stars, z increases as the radius of the orbits increases and reaches a maximum shown in figure 4 . For different equilibrium configurations this z max increases as the central value φ 0 increases regardless that configuration lays on the stable or unstable branch. The curve z(φ crit ) seems to be the limit of all z(φ) for large radii. For configurations with a fixed M but different Λ, z max decreases as Λ increases. It would be interesting to perform a similar analysis for rotating boson stars, this work is progress.
For the Kerr black hole, the mass parameter obtained as a root of the polynomial F (N ; r c , z 1 , z 2 ) is nearly unique. There is a small region in the space D where there are double roots. The plot of the redshift and blueshift as a function of r c for the putative black hole at the center of our galaxy was also presented. Recently, a black hole with scalar hair was constructed by Carlos Herdeiro and Eugen Radu [11] . It would be interesting to construct the curve z = z(r c ) for a given M for such space-time and compare it with the one presented here for the Kerr black hole to determine the effect of hair.
